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^— N ' Abstract. The number i^n,d{k) of linearly independed homogeneous invariants of degree k for 

pq , the n-ary form of degree d is calculated. The following formula holds 

Cn [ here W is Weyl group of Lie algebrastn, (—1)'*' is the sign of the element s € W, p = {1,1, . . . ,1) 

is half the sum of the positive roots of s[n, the weight A* means the unique dominant weight on 

r Hi ' the orbit VF(A) and Cn,d{k, {mi, m2, . . . , m„_i)) is the number of nonnegative integer solutions 

^^ of the system of equations 

2uJi{a) + U!2{a) + • • • + tj„_i(a) = dk — mi, 
uJi{a) - uj2{a) = m2, 



< 



o 



0Jn-2{a) - UJn-l{a) = mn-i, 
\a\ =k. 



CN ■ Here uJr{a) = Y^iei JrOii, In,d ■= {« = («i, «2, • ■ • ,«n-i) e Z" '^,\i\ < d}, \i\ = ii H hi„-i. 

> 

o 

en 

"Tj- ■ 1. Let be F^n the C-space of n-ary forms of degree d : 



00 . *^^"'d 



where In,d ■= {i = («i, «2, • • • , in-i) G Z+ Ai\ < d}, \i\ = ii -{ h in-i, a^ G C and 



>< ■ fd\ d\ 



c^ ; Vv ' il\i2^■■■■^n-l^■{,d-{^l^ i„-i))!' 

Let us identify the algebra of polynomial function C[Frf„] with the polynomial C-algebra A^^n 
of the variables set {ai,i G In,d}- The natural action of the group SL^ on F^^n induces the 
actions of SLn ( and sin) on the algebra A^ „. The corresponding ring of invariants A^^ = A^^"^ 
is called the ring of invariants for the n-ary form of degree d. 
The ring A^"^ is graded ring 

<; = «;)o + (4;)i + ■ ■ ■ + i^Z^ + • • • > 

here (^4^''^)^ is the vector subspace generated by homogeneous invariants of degree k. 

Denote I'n^dik) := dim(y4^^")fc. For the binary form the number i'2,d{k) is calculated by well- 
known Sylvester-Cayley formula, see [I]. For the tenary form the number i'z,d{k) is calculated 
in the paper of the present author, see [2]. In this paper we generalize those formulas for the 
case of n-ary form. 

2. In the Lie algebra £[„ denote by Eij the matrix unities. The matrices Hi := -^2,2— -E'i,i) 
H2 := -E'3,3--E2,2, • • • Hn-i := -E„_i,„-i--E„_2,n-2 generate the Cartan subalgebra in s[„. 

Recall that the ordered set of integer numbers A = (Ai, A2, . . . , A„_i) is called the weight of 
sin-module V, if there exists v &V such that v is common eigenvector of the operators Hg and 
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Hs{v) = XgV, s = 1, ... ,n — 1. A weight is said to be dominant weight if all As > 0. Note, our 
definition of weight is slightly different than the standard weight definition as function on the 
Cartan subalgebra. Denote by Ay the set of all weight of sin-module V and denote by Ay the 
set of dominant weight of V. Also, denote by Tx the unique irreducible sin-module with highest 
weight A. 

Let A be the vector subspace of An,d generated by all elements {a,, i G Id,n} of degree 1. The 
operators Hi, i = 1 . . .n — 1 act on the basis elements at, i G In,d of the space A in the following 
way, see [3] : 

Hi{ai) = ((i- (2 2i + 22 H V in-i))ai, H2{ai) = (ig - is)^^, • • • -f^n-i(ai) = (4-2 - 4-i)aj- 

Therefore, the basis elements ai,i G In,d of stn-module A are the common eigenvectors of the 
operators Hg with the weights 

ei= (d- {2ii + i2-\ h i„-i), ^2 - «3, • • • , 4-2 - 4-i) • 

It is clear that A is irreducible sin-module with the highest vector a(o,o,...,o) and with the 
highest weight (d, 0, . . . , 0). Thus, A = T(^dfl,...,o)- The number z/„,d(A;) is the multiplicities of 
trivial sin-module r(o,o,...,o) in the decomposition the symmetrical power S''{A) on irreducible 
sin-modules, i.e. Un^dik) = ■yd,n{k, {0,0, ... ,0)). Here '-yd,n{k, {0,0, . . . ,0)) is determined from 
the decomposition: 



^^(A) = 5^7„,rf(fc,A)rA,AGA- 



A 



Since the multiplicities of all weights are equal to 1 we may write down the the character of A : 

Char (A) = J2 e(^*)- 

Here e(ej) are generating elements of the group ring of the weight lattice Z(A^). 
We need the following technical lemma 

Lemma 1. The monomial Yli^i 'h^ of total degree k is the weight vector of sin-module S''{A) 
with the weight 

{nd- {2uJi{a) + uj2{a) H \- Un-i{a)) , uji{a) - uj2{a) , . . . , ujn-2{a) -u;„-i(a)), 

de ujs{a) = Eie/„., ^s ^u 1"! := Eie/^.^ "^ = ^• 

Proof. Direct calculations. D 

The character of sin-module S^{A) is the complete symmetrical polynomial Hj^ of the variable 
set e{ei), i G In^d, see [4]. Therefore, we have 

ch^T{s\A)) = 5^ n <^^y' 

\a\=ki&In,d 

Lemma 2. 

Char(S'''(yl)) = ^Cn,d{k, fi)e{fi), fi G Ask^^-^ 
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here Cn,d{k, fi) := Cn,d{k, (/xi, ^2, ■ ■ ■ , yUn-i)) is the number of nonnegative integer solutions of the 
system of equations 

2LUi{a) + uj2{a) -\ +cj„_i(a) = kd- /ii, 

uji{a) -uj2{a) = fi2, 

\a\ = k. 

Proof. Direct calculations, using Lemma 1. D 

For arbitrary /i G Ar^^ denote by fj,* the unique dominant weight on the orbit W{fj,) of the 
Weyl group W. Such dominant weight exists and unique, see. [5]. 
On the sin-module Tx let us define the value Ex in the following way 



Ex = J2{-irnxi{p-s{p)y). 



sew 

Here p is half the sum of the positive roots of Lie algebra stn, nx{p) is the multiplicities of the 
weight /i in Tx and |s| is the sign of the element s E W. Note, nx{p) = if yU ^ Tx- 
The following lemma plays crucial role in the calculation. 

Lemma 3. 

r i,A = (o,...,o), 

^^-\ 0,A^(0,...,0). 

Proof. For A = (0, . . . , 0), there is nothing to prove - the multiplicities of trivial weight in the 
trivial representation is equal to 1. 

Suppose now A 7^ (0, . . . , 0). We use the following recurrence formula, see [6], for the multi- 
plicities nx{p) of the weight p in the sin-module F^ : 



J2{-iy'^nx{p + p-s{p))=0. 

sew 

Substituting p = (0, ... 0) and taking into account that the multiplicities of the weights p — s{p) 
and (p — s{p))* coincides we obtain the formula. D 

Now we are ready to calculate the value Vn^d{k) 

Theorem 1. The number iyn,d{k) of linearly independed homogeneous invariants of degree k 
n-ary form of degree d is calculated by the formula 



u^)) = E(-i)'''^M(fc,(p-^(p))*)- 



sew 



Proof. The number Pn^ik)) is equal to the multiplicities 'yn,d{k, (0, 0, ... , 0)) of trivial represen- 
tation F(o,o,...,o) in the symmetrical power S^{A). The decomposition 

^^(A) = 5^7„,,(fc,A)FA,AGA+,(^), 

A 

implies the folowing characters decompositions 

Ch8.iiS\A))= Yl 7n,d(fc,A)Char(FA). 
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Taking into account 

Char (Fa) = ^ nx{fi)e{fi), 

we get 

ChaT{S\A))= Yl 7n,d(fc,A) 5^ n,(/i)e(^)= Yl ( E 7n,d(fc, AK(/i))e(/x). 

A6A+.(^) /^eAr, MeA,,(^, AeA+,^^^ 

By using Lemma 2 we get 

ChaT{S\A))= Yl Cn,d{k,fi)e{fi). 

Therefore 

Y Cn,d{k, fj.)e{fj.) = Y [ Yl 7n,d(A;,A)nA(/i)je(/i). 

By equating the coefficients of e(yu), we obtain 

Cn,d{k,fi)= Y 7n,d(fc, A)nA(/i). 
AeA+. 

Then, by using previous lemma we have 

$^(-l)l^lc„,,(A:,(p-.(p)r) = 5^(-l)W Y lnAk,X)nxiip-sip)r) = 
sGW sew AeA\ 

5^ ^„,(A;,A)(5^(-l)l^lnA((p-s(p)r))= 5^ 7n,d(fc,A)EA = 7M(fc,(0,0,...,0)). 
Thus, 



AeA+, sew agA^. 



Vrf(^) = $^(-l)l^lcM(A;,(p-s(p)r). 



sGH/ 

This concludes the proof. D 

3. It is easy to see that the multiplicities 7n,d(fc, A) is equal to number of linearly independed 
highest vectors of stn-module S^'l^A) with highest weight A. Any highest vector is the invariant 
of the subalgebra of upper triangular unipotent matrices of the Lie algebra sin. Such elements 
is called semi-invariants of n-ary form. In the same way we can prove the theorem 

Theorem 2. 

7nAk, A) = ^(-l)l^lc„,d(fc, (A + p - s(p))*), A G A+,(^). 
sew 

Let us introduce the conception of covariants for n-ary form. Denote by Cn,d the algebra of 
polynomial functions of the following stn-module 

An,d © r(i^o,...,0) ffi r(0,lv,0) ■ ■ ■ © r(o,0,. ..,!)• 

The subalgebra C^'"^ of stn-invariants is called the algebra of covarians of n-ary form. For n = 2 
the classical Roberts' theorem [7] states that the algebras of semi-invariants and covariants are 
isomorphic. The similar result for ternary form proved by the author in the paper [3]. 

The following statement seems to hold 
Conjecture. The algebras of semi-invariants and covariants of n-ary form are isomorphic. 
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If it is true, then Theorem 2 defines the formula for calculation of the number linearly 
independed covariants for n-ary form of the weight A and degree k. 

4. Example. Let n = 3. Then half the sum of the positive roots p is equal to (1, 1). The Weyl 
group of Lie algebra sl^ is generated by the three reflections Sa^, Sqj, Sa^, here ai = (2, —1), 
a2 = (— 1,2) i as = (1, 1) are all positive roots. The orbit W{p) consists of 6 weights - (1,1) 
and 

s«,(l,l) = (-l,2), (-1) 

(2,-1), (-1) 

(-1,-1), (-1) 
(1,-2), (-1) 
s„3S,,(l,l) = (-2,l), (-1) 



Sa2(l>lj 
5^3(1, 1) = 



«"ll = —1 

«"3l = -1, 
^0:3 ^ct^ I — T 



Therefore 



P - W{p) = {(0, 0), (2, -1), (-1, 2), (2, 2), (0, 3), (3, 0)}. 



Thus, taking into account the signs of the correponsing elements of the group W we get the 
following indentity for any dominant weight A of the standard irreducible slj-module Tx ■ 



nx{0, 0) - nxi2, -1) - nxi-l, 2) - nxi2, 2) + nx{0, 3) + nx{3, 0) = 0. 

Since the weights (1, 1), (2, —1), (—1, 2) lies on the same orbit it is implies (2, —1)* 
fl, 1) and 



1,2)^ 



nxil,l)=nxi2,-l) = nx{-l,2). 



Thus 



nx{0, 0) - 2 nx{l, 1) - nx{2, 2) + nx{0, 3) + nx{3, 0) = 0. 
Therefore, using Theorem 1, we obtain 

i^sAk) = c^AK (0, 0)) - 2 C3,rf(A;, (1, 1)) - c^^k, (2, 2)) + c^^k, (0, 3)) + c^^K (3, 0)). 

It coincides completelly with result of the paper [2j. 

5. Let us derive the formula for calculation of VnAk). Solving the system of equations 

2uji{a) + uj2{ot) H h uJn-i{(y) = dn- /ii, 

ui{a) -U2{a) = p2, 

^n^2{<y) - ^n-l(a) = Pn-1, 

\a\ = k. 

for uJi{a),LU2{a), . . . ,co'„_i(q;) we get 
kd 



uji{a) = ^^ - (-[f^^ + 2p2-\ h {n- l)/i„_i) - {p2 + f^3-\ ^ Pn-l)) 

kd / 1 \ 

uj2{a) = (-(/ii + 2/i2H h (n- 1) pn-i) - {ps + 1^4 -\ ^ Pn-l)) 

kd /I \ 

ujs{a) = ( - (/ii + 2 /i2 H h (n - 1) pn-i) - (/"s+i + Ps+2 H h Pn-i) ) 

n \n / 

^n-i(a) = (-(yUi + 2/i2H h (n- l)fJ^n-l] 

n \n 

< \o.\ = k 
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It is not hard to prove that the number Cn,d{k, (0, 0, ... , 0)) of nonnegative integer solutions of 
the following system 

, , th CI 

uji{a) = — 

, , th CI 

uj2{aj = — 
n 



UJn-l{a) 

\a\ = k 



kd 



n 



is equal to coefficient of t^{qiq2 ■ ■ ■ Qn-i) " of the expansion of the series 



Denote it in such way: 






c„,rf(A;,(0,0,...,0))= (Rn,d) ,^ ._A 



Then, for a set of integer numbers (/ii, /i2, • • • ,/Un-i) the number c„^d(A;, (^1,225 • • • ^^n-i)) of 
integer nonnegative solutions of the system of equations 

uji{a) = Hi 

, , K CI 

iJ2[a) = /i2 

n 

n 

\a\ = k 

is equals 

Cn,d{k, {^i, fX2, ■ ■ ■ , f^n-l)) = ( gf^f " " " ?n-l^n,d ) ,, ,fed- 

By using the multi-index notation rewrite the last expression in the form 

Cn,d{k,li) = (q^Rn,d) ,, kd- 

To each /i G In,d assing the following vector 

(n—l n—1 71—1 n— 1 n— 1 

- {J2'f-^) -J2f-^'- iJL'f-^) - Zl/^^' • • • ' -5Z 

Then the following formula holds 



n 



s=l 



s=3 



n 



Sfls 



s=l 



Vn4{k) 



sew 



-l)Wc„,,(A;, (p - s(p))*)g(^-^(^))Mi?„,, 



*'=(<?)" 
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